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Abstract 

We compute the one- loop string corrections to the Wilson loop, glueball Regge 
trajectory and stringy hadron masses in the Witten model of non supersymmet- 
ric, large- Yang-Mills theory. The classical string configurations corresponding 
to the above field theory objects are respectively: open straight strings, folded 
closed spinning strings, and strings orbiting in the internal part of the super- 
gravity background. For the rectangular Wilson loop we show that besides the 
standard Liischer term, string corrections provide a rescaling of the field theory 
string tension. The one-loop corrections to the linear glueball Regge trajecto- 
ries render them nonlinear with a positive intercept, as in the experimental soft 
Pomeron trajectory. Strings orbiting in the internal space predict a spectrum 
of hadronic-like states charged under global flavor symmetries which falls in the 
same universality class of other conflning models. 
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1 Introduction 



One of the most remarkable developments in the holographic approach to solving gauge 
theories has been the realization of certain scenarios where the correspondence can 
be taken beyond the supergravity approximation The main idea behind this 

development asserts that some classical configurations of the string sigma model in 
a given supergravity background are dual, in the holographic sense, to states of the 
gauge theory. In particular, the conserved quantities of the classical configurations are 
to be identified with the quantum numbers describing gauge theory states. 

Being ultimately interested in realistic gauge theories, a natural question in this 
approach pertains to the properties of states of confining gauge theories. Unlike the 
case of the standard duality between strings in AdS^ x and Af = 4 SYM, for the 
case of confining strings perturbative field theory calculations are extremely difficult. 
The only data available to test the predictions of the holographic approach come from 
lattice simulations of SU (Nc) gauge theories and some low energy phenomenology of 
QCD. Evidently, holographic calculations are valid for large and a direct comparison 
with QCD is still beyond our current reach. Nevertheless, it is appropriate to compare 
the general behavior on both sides. For example, a recent holographic analysis of 
corrections to the glueball Regge trajectories seems to be compatible with experimental 
data describing the soft Pomeron trajectory [3 . Other studies point to a possible 
emergence of the chiral perturbation Lagrangian from a holographic point of view j3]. 

In the search for a holographic dual to nonsupersymmetric Yang-Mills one is faced 
with the hunting task of producing a holographic background which ideally retains some 
of the control provided by supersymmetric theories. Several examples of soft breaking 
of A/" = 1 backgrounds have been provided E] , however, in this process one usually 
looses analytic control over the supergravity background if the scale of the breaking is 
high enough for the study of YM theory. A different route to pure YM was proposed 
by Witten in |7, and consists of a stack of D4-branes wrapped on a thermal circle. This 
implies that on the gauge theory side we deal with a 5-d gauge theory compactified 
on a circle along which the fermions have antiperiodic boundary conditions. For the 
appropriate energy scale this theory is essentially nonsupersymmetric YM in 4-d. 

In this paper we present a detailed study of the one-loop sigma-model corrections 
to various classical string solutions, in the asymptotic region of the dual supergravity 
background conjectured to be relevant for the description of the IR regime of the field 



2 



theory. 

The paper is organized as follows. In section |21 we present the background and the 
string theory action needed for the computation of the one-loop corrections. 

For supergravity backgrounds dual to confining gauge theories the classical string 
describing a rectangular Wilson loop with area-law behavior goes into the bulk with a 
bathtub-shaped configuration. In section El we consider the open string configuration 
that approximates this Wilson loop sufficiently well: an open straight string of length 
L lying at the minimal transverse radius of the dual background. We then calculate the 
leading sigma-model correction to its energy. There are other evaluations in the Witten 
model of the one- loop quantum correction to this classical configuration jHl 13 ITU] . 
A distinctive aspect of our calculation is the systematic treatment of the fermionic 
sector and that we provide a consistency check via cancellation of anomalies. Our 
calculation provides a stringy prediction for the leading quantum correction to the 
linear quark anti-quark potential in a theory "close" to pure, large N , YM. We find 
that the dominant term in this correction is not of Liischer type, but amounts 

to a kind of "renormalization" of the effective string tension^. We find a Liischer-like 
term, with negative sign, as a subleading correction. 

In section 0] we consider a closed string at the minimal radius spinning in the 
(warped) fiat 4-d directions of the background. In the dual gauge theory this configu- 
ration describes glueball Regge trajectories. Even if we are not able to fully solve the 
string spectral problem for this configuration, we show that in some interesting regimes 
the one-loop corrected glueball Regge trajectory becomes non-linear with a positive in- 
tercept. These features are qualitatively shared (through in a different regime) by the 
best fit to the experimental soft Pomeron trajectory^ given by the UA8 collaboration 
We also find, again, a "renormalization" of the string tension. 

In section El we consider closed multi-spinning string states rotating on the internal 
S'^ of the IR region of the supergravity background. These are argued to correspond to 
multi-charged hadronic states in the dual field theory, whose constituents are massive 
adjoint fields'^. We consider the classical energy in the large spin limit and discuss the 
quantum corrections for the simplest circular solutions. Their behavior is expected to 

"'^We call it a "renormalization" throughout the paper for brevity. It is really a correction to the 
dependence of the tension on the UV coupling A, rather than a dependence on the running coupling. 

^For an interesting recent study of the glueball Regge trajectories on the lattice and in a "old" 
string model of QCD, see 

■^For a study of baryonic spectra from strings in AdS space see 
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be qualitatively equivalent to the one of the multi-spinning string solutions examined in 
the literature both in the confining and in the non confining cases. In particular, in the 
semiclassical limit of large total spin J, the leading quantum correction to the energy 
reduces to the one corresponding to collapsed point-like strings with spin J orbiting 
along the equator of S^. The one- loop corrections in this case can be simply deduced 
by quantizing closed strings on the plane wave background obtained from the Penrose 
limit of the Witten model. The corresponding string spectrum is studied in section 
15.11 It shares the universal properties of all the other confining examples examined in 
literature O US IHl UH] • The string results give thus the expected universal predictions 
on the energy spectrum of multi-charged hadronic states, called Annulons, in gauge 
theory. 

We conclude in section El with comments on the stringy predictions for the dual 
field theory and the nature of their universality. 

We include also several appendices with some technical details. In appendix ^ 
we briefiy review the supergravity background paying special attention to the regime 
of validity of the supergravity description and to aspects of the holographic relations 
with the dual gauge theory. In appendix |Bl we discuss the general form of the classical 
solutions at constant radius. Appendix lO shows how the straight open string approxi- 
mates well the bathtub-shaped configuration describing the actual Wilson loop, in the 
large L limit, both from the classical and semi-classical point of view. We discuss the 
cancellation of the Weyl anomaly for the Regge trajectory configuration in appendix 
IdI Finally, appendix lEl provides details on the Penrose limit of the Witten background. 

The supergravity background we consider in this paper has recently received re- 
newed attention, many of the classical configurations we analyze are also discussed 
in [T71 ITHl ITU] . Our main contribution is a systematic description of the one- loop 
corrections to such classical configurations. 

2 General setup 

In this section we introduce the Witten background, we rewrite the metric in the 
relevant IR regime (formulae ()2.5|) and ()2.6|) ) and present the bosonic and fermionic 
string actions we will use in the following in (j2.1(Jj) and (|2.17p . More details of the 
supergravity background, with some notes on the holographic relations with the field 
theory, are collected in appendix 1X1 
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The ten-dimensional string frame metric and dilaton of the Witten model are given 

by 

K 9tio u j[u) 

f{u) = 1-^, R={7,Ng,)^a'-- , 

= 3s^.- (2-1) 

The geometry consists of a warped, flat 4-d part, a radial direction m, a circle param- 
eterized by 9 with radius vanishing at the horizon m = mq, and a four-sphere whose 
volume is instead everywhere non-zero. It is non-singular at m = Uq. Notice that in 
the u oo limit the dilaton diverges: this implies that in this limit the completion of 
the present IIA model has to be found in M-theory. The background is completed by 
a constant four-form field strength 

F4 = 3i?V , (2.2) 

where is the volume form of the transverse S"^. 

The main gauge theory parameter we will use in the following is the KK mass scale 
I/R0, which is given by 

k-h- 

As can be read from the metric, mo is also the typical glueball mass scale and, as we 
will show in the following (see formula ()3.2j) ). its square is proportional to the ratio 
between the confining string tension Tqcd and the UV 't Hooft coupling A. As usual, 
the supergravity approximation is reliable in the regime opposite to that in which the 
KK degrees of freedom can decouple from the low energy dynamics. The condition 
Tqcd f^o implies in fact A <^ 1, which is beyond the supergravity regime of validity. 

We will be mainly interested in classical string configurations localized at the hori- 
zon u = Uq, since this region is dual to the IR regime of the dual field theory. In this 
case the coordinate u is not suitable because the metric written in this coordinate looks 
singular at m = mq. Then, as a first step, let us introduce the radial coordinate 

= , (2.4) 

Mo 

SO that the metric expanded to quadratic order around r = becomes 
ds^ ^ (^)^/^[l+^](r7^.rfx'^rfx^) + ^i?3/2V^(dr2+r2rf^2)^^3/2^y2[^^!;!]^^2_ (3.5) 
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In order to simplify the study of the classical string configurations and their semi- 
classical quantization, it is useful to rescale the dimensional coordinates with the KK 
mass parameter which represents the reference scale of our theory. We do it by defining 
the dimensionless coordinates X'^ = rriQX^. Introducing the parameter ^ = A/3, the 
metric in the IR takes the form 

ds^ = lU{ [I + liv! + yl)]dX^dX, + ^{dyf + dyl) + [1 + \{yl + yl)W,] , (2.6) 

where we have used Cartesian coordinates ?/a, a = 1, 2, such that r"^ = yl + yli and the 
metric is expanded up to the second order in y^.. From ()2.6|) one can easily see that 
the string action contains only as external parameter. 

2.1 Action 

As a first step we are going to consider classical solutions sitting at the origin = 
of the ?/"'s plane for which we can use the following effective Polyakov action in the 
conformal gauge 

S = -j^J dTda[d^X^d'^X, + daCd^C^ - A(CV - 1)] , (2.7) 
where the Lagrange multiplier A constraints C^, A = 1, . . . , 5, to define the S*^, i.e. 

C V = 1- 

We want to classify the solutions by choosing J^^ and J^^, i.e. the generators of the 
rotations in the 1-2 and 3-4 planes of the coordinates C^, as a basis of the Cartan sub- 
algebra of the isometry group SO (5). A useful parameterization of is the following: 

C^ = sm^, C^^ = cosV^*^, M=l,...,4, with Z^^Z^ = 1. (2.8) 

Then, the metric takes the form 

dnl = dip'^ + cos^ ipdnl . (2.9) 

If we consider solutions located at the point = ^ ip = 0'^, we can take as effective 
action 

S = - i- J dTda[d^X''d''Xf, + d^Z^^d'^Z^' - A(Z*^Z*^ - 1)] . (2.10) 

^In this way, we are looking for classical configurations corresponding to highest weight states of 
so(5) with respect to the Cartan sub-algebra defined by J^^ and J^'^. 
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The other ingredient we need is the type IIA GS action expanded up to the second 
order in the fermions. In his Polyakov form, the quadratic fermionic action is [201 

Sf = ^— I drdaV^en + TFi)T''D^e = 
Ana' .1 

i 



Ana 



- j dTdad[{s/^h^^ + e"^rii)r„D^]0 , (2.11^ 



where 6'(r, a) is a ten dimensional Majorana spinor, is the pull-back on the string 
world-sheet of = (a) are the generic curved (flat) ten dimensional in- 

dexes^), is the usual generalized covariant derivative entering the supersymmetry 
transformations of the gravitino in type IIA supergravity, and 



e 



Fl 



-h 



V^pV^ (2.12) 



is the natural chiral world-sheet operator. The kappa-symmetry acts on the 9 in the 
following way 

<5«0 = (1 - r^i)/€ , (2.13) 

where k is an arbitrary Majorana spinor. In our case where only the RR F(4) is turned 
on, the generalized covariant derivative reduces to 

The configurations we will consider can be grouped into two kinds of solutions both 
satisfying the static gauge condition X° = t = kr and either moving in the M^'^ 
parameterized by the X'^'s or rotating on the 5*^. Let us then introduce the following 
natural vielbein for the IR region of our background ()2.6p 

ei^=^/^dX>', fi = 0,...,3, (2.15) 



-ia'dy^ , e- = \ -^a'dy"^ , e- = x/^'dip 



e- ., , , , _ ,, . 

3' " ' V 3 

e- = a/^o' cos ipdx , e- = a/ C,a' cos ip sin xd(p- , e- = a/^o' cos ip cos xd4>-\ 

In this basis the RR field-strength is given by 

3i?3 



6789 



a'^e 



(2.16) 



^In order to avoid ambiguities, we underline flat indexes. 



7 



If we focus on the study of fluctuations around bosonic configurations witli a non- 
trivial shape X^(r, a) only in the flat directions (as for the Wilson loop and the Regge 
trajectory in the following), the pull-back on the world-sheet of the spin-connection 
vanishes and the quadratic fermionic action ()2.1H1 in the conformal gauge, and after a 
rescaling^ 9 — > (a'^Y^^O, reduces to 

Sp = ^ [ dTda\daX''e{ri'"^ + e'"^T^)TM--daX''d''XJT9+ 

4:71 J L - 8 

-^e'^^d^x^d^x'^er^T^te] , (2.17) 

where F = T qjss - In order to write the kappa-symmetry in the most transparent way, 
it is useful to go to a reference frame ig, where the first two directions are tangent 
to the world-sheet 

e„ = , e„ . 2.18 

Now, if we introduce new fa's associated to the vielbein (e^f „ = e^Fa) and split 
6 = 6^ + 6"^, where 6^ (/ = 1, 2) have opposite ten dimensional chirality F— = {—)^^^, 
the kappa-symmetry takes the form 

6 J' = (1 - foi)«: , = (1 + foi)/€ . (2.19) 

Then, in order to fix the kappa-symmetry, it is clear that the most natural gauge is 
given by the conditions 

'1 -foi)^^ = f T-e^ = , , 

- n ^ i - n , 2.20 

with f ^ = f- ± t-. Even if transparent from the geometrical point of view, this 
kappa-fixing depends in general from r and a and requires some attention. An explicit 
example in which we will use a a dependent kappa-fixing will be considered in section 

m 



3 Correction to the rectangular Wilson Loop 

In this section we consider the quadratic fluctuations around the classical string config- 
uration corresponding to the gauge theory rectangular Wilson loop. The quantization 

^This is the natural rescaling in order to see the 9 as the fermions associated to the bosons in 
the canonical way X>^ ^ 9T^9. 
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around the true string solution for the Wilson loop is extremely complicated, and in 
the literature it is always performed around an approximated configuration, namely 
the straight string. This approximation turns out to be quite reliable, the corrections 
being exponentially suppressed in the regime of interest. We show in appendix IHl how 
it accurately approximates the actual solution for the Wilson loop, at both the classical 
and semi-classical level. 

In the following subsection we will calculate the bosonic quadratic fluctuations for 
the straight string sitting at the horizon u = uq (or y*^ = in the coordinates used in 
fl2.6p ). We then compute the fermionic fluctuations and the quantum correction in 13.21 
and 13.31 The resulting quantum corrected energy in formula ()3.16|) will be discussed 
in sectioning 

3.1 Straight string at minimal radius: bosonic fluctuations 

The configuration we are going to study is that of a straight open string of length L 
lying at y"' = in our background (j2.6|) 

X° = r, X' = a, ^ (3.1) 

The bosonic action ()2.10|) is very simple in this case and the evaluation of the energy 
of the configuration is straightforward. Its classical value (per unit time) satisfies the 
area-law'' 

E = TqcdL , Tqcd = ^^^^ = ^\ml , (3.2) 

signaling that the dual gauge theory is confining. 

The bosonic quadratic fluctuations around this solution are trivial for the modes 
on the four-sphere and for the fiat 4-d part, as is transparent from the metric ()2.6|) and 
from the fact that the world-sheet volume factor is equal to one. The fluctuations of 
these modes give just six free massless bosons $*, = 1, ...,6. The configuration has 
to satisfy Dirichlet boundary conditions at a = ±i^/2, then 

$'=Ar^a„e^--sin[^(a + §)] , (3.3) 

n 

where A/" is a normalization and a„ are constants. The associated frequencies are 

Tin 

cu„ = — . (3.4) 

^Throughout the paper we often pass from dimcnsionless quantities to dimensional ones. The 
context should help in avoiding confusion. 
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The non-trivial part of the action is the one for the two y^'"^ modes. From ()2.6|) it 
follows that they get a mass term from the coupling with the on-shell daX^d'^X^ part. 
The action for the fluctuation of these modes, expanded in inverse powers of a/^ around 
the classical value y^'^ = 0, reads 

S=-^ [ drda J2 [%y''d''ya + 3?/V] • (3-5) 

^ a=l,2 

Upon canonically normalizing the kinetic term and considering the solutions for y"' as 
in ()3.3|) . the two frequencies read (after reintroducing the dependence on R,Uo) 



In appendix it is shown that these frequencies correctly approximate the ones for 
the actual Wilson loop in the large L limit; if the string does not sit at the horizon, 
we only have to replace uq with Um, the minimal value of the radius reached by the 
configuration. 

3.2 Fermionic quadratic fluctuations 

In order to study the fermionic contribution to the one-loop correction to the Wilson 
loop, it is sufficient to consider the fermionic action ()2.17j) expanded around the minimal 
radius configuration p.ip . 

Following the general setting of section 12.11 in this case e- = e- and the (kappa- 
unfixed) fermionic action takes the form 
i 



j drda 9^T+d+9^ + 9^T-d^9^ - ^{9^t9^ + 9^t9^) + 



+-(9^Tnir9^ - 9^rnir9^ 



(3.7) 



where d± = (1/2) (9,- ± d^). The kappa-fixing ()2.20|) can be rendered exphcit by intro- 
ducing the following set of gamma matrices Fq,: 

Fo = ® I , Fi = (Ti ® I , Fa = cTg ® 7a (A = 2, . . . , 9) , (3.8) 

where 7^ are Euclidean Dirac matrices in eight dimensions and we can split the two 9^ 
each into two Euclidean 8-d Majorana-Weyl fermions of opposite chirality. Then, the 
kappa-fixing conditions ()2.20|) becomes (736'^ = {—)'^^9^ and we can write 

9^ = ^( ^ 
' x/2 02 




(3.9) 
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where are two Euclidean 8-d Majorana-Weyl spinor of the same chirahty (with 
respect to the 8-d chirahty operator 7— = 72 ■ ■ -79). Then, the kappa-fixed quadratic 
fermionic action becomes 

Sf = -^ [ dTda\e^d+e^ + e^d.e^ - |(e^7e' - 9276^)] , (3.10) 

In J I 8 J 

where 7 = 76789- From this action the following (squared) equation of motion follow 

for 

idl~dl + ^)Q' = 0. (3.11) 

Thus we find eight massive fermionic modes whose frequency reads (we reinsert here 
the dependence on mo) 

^n = l/-^ + -mg. (3.12) 
In the non minimal radius case we have simply to substitute ml with Um/Ii^- 

3.3 The one loop correction to the energy 

Let us collect the results found in the previous subsections. The effective one-loop 
sigma-model describing the quadratic fiuctuations of the string around the classical 
solutions is given by the following collection of free modes: six massless and two massive 
bosonic modes, and eight massive fermions. The corresponding non trivial frequencies 
are given in ()3.(i|l and ()3.12|1 . 

The one-loop correction to the classical energy Ec = TqcdL thus reads 



2L 

n>l 



(3.13) 



This is, as usual |2Hl^ [T^. a negative function of the effective masses, and hence of L. 
Let us notice that the straight string configuration gives a finite UV theory (without 
Weyl anomaly |2S1)^ , since 

^ ^ ^bosons ^ ^ ^fermions ^ " ('^■-^^) 

bosons fermions 



^The cancellation of this divergence provides us with a consistency check for our calculation of the 
frequency of the fluctuations. This check is the more crucial due to the various conflicting results 



appearnig m the literature PI^ITU|. 



11 



Thus El is not divergent and in the large L hmit it reads 

El log 2-^. (3.15) 

The leading term in this expression comes from approximating the series above by 
integrals. The Liischer-like term n/AL comes from the subleading contribution of the 
six massless modes. The remaining subleading terms are exponentially suppressed in 
the large L limit and are related to the massive modes. See |22t ITB] for details on the 
evaluation of series like the one above. 

In the large L limit we find that the energy of the string configuration corresponding 
to the Wilson loop is given, up to the one-loop sigma model correction, by 

+ (l-g.og2)L-^^r«co(l-2^.og2)L-iL. (3,6) 

We see that, at the level of approximations we are taking, string theory gives a predic- 
tion on the way the YM string tension "renormalizes" , Tq^^{X) = (1 — fx ^og2)TQCD- 
We will discuss more extensively these results in section IHl 



4 Folded closed spinning string: Glueball Regge trajectory 

In this section we consider the closed string configuration corresponding to the glue- 
ball Regge trajectories. The relevant closed folded spinning string configuration is 
described, in the coordinates used in ()2.6|) . by the following one parameter family of 
solutions 

X° = kr , X'^ = A; COST sin cr , = /csinrsincr , (4.1) 

and all the other coordinates fixed. 

Following standard calculations [Sj and reintroducing the dimensional energy, it is 
easy to find that 



E='-^k = ^k, J=^P = ^fc^ (4.2) 
3 2a' 6 ^ ^ 



Thus the relation between the energy E and the angular momentum J of the string 
(in the 12 plane) has indeed the expected Regge-like form 

E' = ^(^Y^'j= l^rnlJ = AnTQcnJ ■ (4.3) 



a' 



Rj 
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Note that the tension of the adjoint string Tadj (the one relevant for the Regge trajec- 
tories of adjoint particles we are considering) is given by the relation E"^ = J/a'adj = 
TadjJ I'^T^, i.e. Tadj = '^Tqcd- This is not surprising in field theory since Tadj is expected 
to be related to the string tension between particles in the fundamental, Tqcd, by the 
relation 

^adj ^ Cadj ^ 2N'^ 

Tqcd Cfund N"^ — 1 
which in the large N limit reduces to the relation above. 

In order to obtain the one-loop quantum corrections to these classical results, we 
have to study the quadratic fluctuations around the classical string configuration ()4.1|) . 
The problem is that in this case the induced metric is the non-constant conformally 
fiat metric 



lap 



k'^ cos^ a r]ai3- (4.5) 



We will see that as a result the quadratic action has a-dependent external terms coupled 
to the fluctuating fields. The one-loop correction to the classical energy are more 
complicated than in the other cases considered in this paper. For this reason, after 
computing the bosonic and fermionic quadratic fluctuations around 14.11 we calculate 
the correction to the Regge trajectory in the limits k <^ 1 in 14.21 and A; ^ 1 in 14. 3t the 
final results in the two cases, presented in ()4.40|) and ()4.56I4.57|) respectively, will be 
also discussed in section 16.21 We study the finiteness of the theory in appendix \n\ 

4.1 Quadratic fluctuations 

By expanding the bosonic world-sheet fields around the classical solution (j4.ip one 
finds that all the fluctuating fields are free except two ?/a's, which have action 

S = -^ [ drda J2 ilido^Vad'^ya) + Sk^ cos^ a{yaY] . (4.6) 

a=l,2 

The equations of motion are naturally written in the form 

9k^ 

[d^d--Z-cos'a]ya = 0. (4.7) 

Thus the spectrum of the bosonic fluctuations around the classical configuration on 
a flat world-sheet consists of six massless and two massive modes with an effective 
cr-dependent mass parameter 

9 

m| = -/c^cosV = A^^^cosV . (4.8) 
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This is qualitatively similar to what happens for the bosonic fluctuations around the 
classical string solution corresponding to the Regge trajectory in other confining back- 
grounds [Sj. The only difference is in the number of massive fluctuations which is three 
for the Klebanov-Strassler [21] and Maldacena- Nunez |^ backgrounds while in our 
case we have only two massive bosonic fluctuations. 

Let us now consider the fermionic sector. From the general discussion of section ITD 
we know we can start with the action ()2.17|) . As we have explained, the most natural 
K-fixing is given by 

(l-foi)^^=0, (l + foi)^' = 0. (4.9) 

This gauge fixing is clearly world-sheet coordinate dependent. In order to simplify this 
situation, one could proceed in two ways. One could choose a rotating vielbein (in 
order to have f „ as constant matrices) or, more conveniently, one can rotate directly 
the spinors. In particular, if the rotation M(r, cr)^- connecting the two vielbeins (i.e. 
Cq = M(r, a)g^eb) is implemented on the spinors by A(r, cr) (i.e. AF^A"^ = Ma-F^ = 
fa), we can introduce the rotated spinors 6^ = A^^6^ and the ^-fixing becomes 

(l-Foi)^^=0, (l + Foi)^' = 0, (4.10) 

which can be solved following the Wilson loop example. Since, after an obvious constant 
rescaling of the metric, on the world-sheet the first two one-forms of the adapted 
(co)vielbein are given by 

" -A. (4.11) 



we can choose the following rotation generator 

where^ yfc") = cosh^"*^ , — - — , = sinh""*^ sma_^ rjj_^g action (12.171) can be written as 

' |coS(t| coscr ' ' 

Sf = ^ j drda k\ coso-|^(r7"^ + e''^T^)T^dpe - ^k^ cos^ a9fe+ 



(4.13) 



^Notice that this transformation is degenerate at the ends of the folded string a = 7t/2,3tt/2. 
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where T 



r, 



6789 — 



TeTsg and 9 = 9^ + 9'^. Then, in terms of the rotated spinors it 



becomes 



Sf 




Using the fact that the Majorana-Weyl spinors 9^ and 9'^ have opposite space-time 
chirahty and satisfy the K-fixing conditions ()4.10|) . which can be read as a condition of 
opposite "world-sheet chirahty" for the two spinors, the last term of the action reduces 
to 



Indeed, any Fq changes the space-time chirahty while only the two F^'s (a = 0, 1) 
change the world-sheet chirahty. Then the above result follows from the fact that 
A'^drA = — |(coshxFi2 + sinhxFoi) and A~^9o-A = — |9o-[sign(coscr)](coshxFi2 + 
sinhxFoi), and any term containing an even number of F^'s and an odd number of F^ 
vanishes. 

We can now choose the same gamma matrices used in the Wilson loop case, eq. 
()3.8p . and the K-fixing can be implemented as in ()3.9|) : 



k\ cos(T|^(r7"^ + e"^Fii)F„(A-^9^A)^ 

k := _ 

= --sign(cos a) sin a9{Ti + T^To)9+ 



— — sin (Tsign (cos cr)c)cr [sign (cos cr)] 6* (Fq + F— F]_)6' 
= A;sign(cos a) sin a [9^Ti9^ + ^^Fi^^j _ 



(4.15) 




(4.16) 



where G"^ are again two Euclidean 8-d Majorana-Weyl spinor of the same chirahty. 
Then, the kappa-fixed quadratic fermionic action becomes 




where 7 = 76789 - 
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Performing the Weyl rescaling of the fermions 0^/ a/A;| coscr|, we obtain 

Ztt J L o 

Thus we find that the eight fermionic fluctuations have the same cx-dependent effective 
mass 

3 

mF = -kcosa =kiFCOsa. (4-18) 
The equations of motion become 

5+e^-^|cos(T|7e2 = o , 

8 

9_e2 + — |coscT|7ei = , (4.19) 
8 

which can be squared to yield the following equations on a flat world-sheet 

d"da + tan a(dr + d^) cos^ a] 9^ = , 

16 

9°(9„ - tan (T(dr ~d„) cos^ a] 0^ = . (4.20) 

16 

Note that this squared equations are not valid at the degenerate points a = ±|, since 
the equations have been derived by writing one of the in term of the other from 
the equations ()4.19j) . and this operation is clearly degenerate at the turning points. 
Nevertheless, this equation must be valid for a 7^ ±| and shows how the parameter k 
enters the diagonalized equations with its square k'^, as in the bosonic case. This will 
be useful in the following sections. 

Let us write the squared equations in a non-degenerate non-diagonalized form by 
adopting the 2-d Majorana spinor formalism. The equations of motion in the flat 
world-sheet gauge become 

[r"(9« - kiF cos a 7] 7/- = , (4.21) 

where the index i of ip'^ is understood. These equations can be squared into 

[dcd'' -keFd^\cosa\^Ti-k'^£lcos^a]ilj = . (4.22) 

Unfortunately, the nontrivial cr-dependence of the bosonic and fermionic masses 
does not allow a simple solution of the spectral problem. In the other cases considered in 
this paper it is possible to compute the characteristic frequencies and to show explicitly 
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how the one-loop energy is finite and then the theory is consistent. In this case we 
will be able to attack the spectral problem by considering the limits of large and 
small bosonic and fermionic masses: kiB,F ^ 1 and kiB,F ^ 1- We will do so by 
implementing perturbative techniques usual in quantum mechanics. The problem of 
the finiteness of the theory is instead analyzed in appendix O 

As usual, we will solve the spectral problem by looking for eigenf unctions with a 
r dependence of the form ~ e*'^'^ and solving the resulting spectral equation for the 
characteristic frequency uj. For the two massive bosons, we obtain the spectral equation 

[ - ^ + cos^ a]y = uly, (4.23) 
while for the eight fermions the spectral equations read 

[- -— + kipdj cosal 7ri + k'^ip cos^ a] ip = Luj, ijj , (4.24) 

Since in the diagonahzed equations ()4.20|) . kip enters the equations of motion with its 
square, we can expect that u admits an expansion in powers of {kiB,F)'^ or l/{kiB,F)'^ 
in the k£B,F -C 1 and kiB,F ^ 1 limits respectively. 

4.2 Small bosonic and fermionic masses 

Let us first consider the bosons. The equation ()4.23|) could be solved in terms of 
Mathieu functions, determining the characteristic frequencies in an expansion in k"^, as 
done in Since we are interested in the first order correction, it is more direct to 
consider the term 

Vg = fc2^|cosV (4.25) 

as a perturbation to the equation and to use the standard techniques of perturbation 
theory of nonrelativistic quantum mechanics. The most useful choice for the eigen- 
functions of the unperturbed equation is given by the following complex basis 

(a|0) = 4= , (^1^, ±) = 4=6^^"^^ • (4-26) 
VZn v27r 



It follows immediately that the squared frequencies are given by 

^l(n,±) = n' + {n, ±\VB\n, ±) + 0{k') =n' + ^ + 0{k') , (4.27) 
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and then 

^B(n,±) = ^Jn^ + ^ + Oik^) . (4.28) 

Turning now to the fermionic case, the perturbation term in ()4.24j) is the sum of 

two terms, Vp = Vpi + Vf2, where 

Vfi = Mpdal cos a| 7 Ti , Vf2 = k'^^l cos^ a . (4.29) 

Since we are interested in the corrections of order (kip)"^, we must compute the first 
and second order corrections given by Vpi and the first order corrections given by Vf2- 
Analogously to the bosonic case, Vf2 gives the following correction of order {kipY 

^2UJnn,±) = ^ • (4.30) 

On the other hand, it is easy to see that Vpi does not give any correction at order fc, 
since (ra, ±| Vpi|n, ±) = 0, while it gives a nontrivial correction of order A;^. By using 
the result 

'"rfa^ , , I if r = 2g + l 

27r ' ' 







- - if r-2a ^'-''^ 

where r and q are integer numbers, it is straightforward to obtain the following correc- 
tions by using standard perturbation theory at second order 

r 2 _ OAi tp \^ 1 _ 2n2 

q^—n 

The series appearing above are convergent and thus we can give the explicit expression 
for the constants previously introduced 

c = « 0.095 , 

8 + 96n2 - (4^2 - Ifix"^ 

^ ' (4.33) 



27r2(4n2 - 1)3 
Then the zero mode frequency is given by 



kip , 

ujpi^^) = (4.34) 



1^ 



On the other hand the non-zero modes get a correction of the form 



uJFin,±) = \/^'+'^- CnkH% + 0{k^) , (4.35) 

and then the one-loop correction to the spacetime energy, after re-inserting the dimen- 
sional factor, is given by 



n>l ^ n>\ 



+ 



-8 X [ ^^^V^ + 2 E + ^ - ^-^^^l + 0{k^)\ } . (4.36) 

^ n>l 

By expanding in powers of {kiBf' ^"^^ (kip)'^, using the mass matching condition 
= 8£^ and the fact that c„ ~ for large n, it is easy to see that the sum is 

indeed finite and that the zero modes contribute to a correction at order 1 while the 
other modes at order k, leading to 

E^^zo + kzi + 0{e) , (4.37) 



where zq and zi are given by 



[Ib - UfVT^] = ^ [- - vT^] ^ -0.85 mo , (4.38) 



and 



z^^^y = [-24 + 77^ + 16 log 2 - TT^og 4 + 14C(3)] 0.012 mo . 

n>l 

(4.39) 

The limit of small m^ and mp requires that X ^ J. In particular, by considering J 
finite (and then £"0 of order -s/A) and neglecting all terms of order 1/A^, the corrected 
Regge trajectory takes the following form 

62:1 
Amo' 

where a'^^j = 3/2AmQ. Thus we see that the effect of the zi term is to shift the 
effective slope of the Regge trajectory, while Zq gives a positive intercept. Notice that 
the "renormalization" effect on the effective slope occurs in the form 1 — a^/X: thus 
the effective "adjoint tension" is rcscalcd as T^l^""* ~ — (1 + '^^/^)i i-^- with an 
opposite sign w.r.t. the other cases examined in the paper. Finally notice that we 
are still restricting ourselves to a large J regime in order to thrust the semi-classical 
approximation. 
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4.3 Large bosonic and fermionic masses 

In order to present a unified treatment of tlie bosonic and fermionic contributions we 
find it convenient to tliink about tlie large- mass limit as a large-fc limit. Note that 
equivalently we have a large J/ A limit for A; ^ 1. To solve the spectral problem we 
first define uj = ka. 

Let us start with the bosonic case. The spectral equation ()4.23|1 takes the form 

[-;^^ + 4cosV]i/ = «|y. (4.41) 

This can be seen as a one-dimensional stationary Schrodinger equation, where 1/k plays 
the role of a\ is the energy and Vb(o") = cos^ cr the potential. Then the k^ 1 
regime corresponds to the quasi-classical regime ^ ^ 1, where the WKB approach is 
reliable. It consists of making the formal substitution y{cr) = e^''^^"\ to obtain the 
equation 

(x'f-^x" = «^-4cosV. (4.42) 

Since we are interested only in the leading order result in the A; ^ 1 limit, we can 
simply drop the 1/k term. Then the above equation can be easily integrated 







X(a) = ± / daJa'^ - il cos2 a . (4.43) 



We have then an oscillating wave function in the region where > £^ cos^ a while a 
rapidly decreasing exponential wave function where < £^ cos^ a. In particular, at 
the turning points a where £^ cos^ a = a"^ the WKB approximation looses its reliability. 

If > i% we can use the WKB approximation for any point a G [0,27r]. For a 
given two independent symmetric and antisymmetric eigenf unctions are then given 
by 

?/~cos|A; J da^J — cos^ (t| , y sml^k j da\J — i% cos^ (t| .(4.44) 
By imposing the periodicity condition 

-2w 







we get 



daJa^-i%cos^a = 2TTn, (4.45) 



EiCl) = ^Cbx , (4.46) 
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where we have introduced (b = ^s/d G {0,1], x = n/k and -E'(C^) is the complete 
eUiptic integral of the second kind 

7r/2 



E{C)= da Jl-Csin' a, C<1- (4-47) 
Jo 

When > 1, in the k ^ oo limit the corresponding quantum mechanical particle 
lives in one of the two potential wells, with subleading tunnel effect. Choosing the 
domain a G [— 7r,7r], we can then consider an eigenfunction yo{cr) concentrated in the 
right well and construct the two eigenf unctions (symmetric and antisymmetric) 

y±{a) ^yo{(T)±yo{-(T) . (4.48) 

These correspond to the same eigenvalue, up to exponentially suppressed terms. If 
(ymin,max G [0, tt] are the turning points {amax = vr - amin), the Bohr-Sommerfeld 
quantization condition reads 



ax 



1, 



k rf(T-^a2 _£|cos2ct = 7r(n + -) . (4.49) 

In the large n, k limit with x = n/k fixed, we can rewrite this relation as 

nCs) = ^Cbx , 2F{e) ^ / day/l-Ccos^a , > 1 . (4.50) 

This expression is continuously connected with ()4.46p . both approaching the same 
expression when (b ^ 1- In the following we will recall E the function covering the 
whole interval ( G (0, oo). Let us notice that, from ()4.5()|1 it can be deduced that when 
( ^ oo, then a; — > 0. 

Let us now turn to the fermionic case. After the substitution = kap the equation 
(jl^ becomes 

1 rf2 1 

[ - + ^^^'^'^l coscr| 7ri + fpcoip' a]tp = a%ip . (4.51) 

It is now easy to see that by making the formal substitution ip = e^^^ and keeping 
again only the leading order terms, we obtain the very same spectral equation of the 
bosonic case, 

{^f = a'^ -epCOi?a , (4.52) 

with instead of f^- We can then use all the results obtained for the bosonic case by 
simply substituting Ib and with dp and respectively. 
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The one-loop correction to the energy, up to terms of order l//c, can be expressed 



as 



El = ^hm|6x2/ dxx + 2x2[ dx aeix) - 8 x 2 [ dx aF{x)\4..53) 

2 A^oo I Jo Jo Jo J 

Using ()4.46|) and the corresponding fermionic equation it is possible to change the 
variable of integration from x to Cb,f, obtaining 



El 



km, 



2 

-8 X 
kniQ 



lim 

A^oo 
TT 



4/2 

6A2 + 2 X ^ 



TT 



+ 00 



lim 

A— »oo 



6A2 + 2x^ 

TT 



^2 

+ 00 S 

^(C^h^s/A 



-oo S 



^f/A 



^13 /A 



£f/A 



)}, (4.54) 



has been used^°. 



where in the last step the mass matching condition - 

By expanding E{C,'^) for small C^, it is possible to show that the quadratic and 
logarithmic divergences drop out and we are left with the following one-loop finite 
correction to the energy 



El 



kniQ 



2x ^log^ 
2 ^2 



^2 



-mo(- log 2) . 



(4.55) 



Let us observe that this correction is negative as in the other cases considered in this 
paper and that it has the same universal form, with the a dependent squared masses 
m2((T) = A;2£2 pQg2 ^ substituted by their mean value = k'^(?/2. The effect of the 
one-loop correction in Regge trajectory translates in a "renormalization" (actually a 
rescaling) of the effective string tension 



with 



T, 



(ren) 



QCD 



E' 



(A) 



4 T^Cren) 



(A)J 



27 log 2^ 2 
8A 



QCD 



(4.56) 



(4.57) 



This is equal to the renormalized effective string tension ()3.16p obtained from the one- 
loop correction to the Wilson loop energy. The relation Tadj = 2Tqcd is then preserved 
by quantum corrections in this regime of parameters. 

^°Notice that, due to the mass matching condition, the region ^ S [1, oo) does not contribute to Ei 
and so the details of the function F defined as in (|4.50|l are not necessary (we only need to know its 
behavior for C — > oo). 
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Notice that in the above calculations we have suppressed the subleading orders in 
the large k limit. Among these there is a (negative) 1/k term coming from the six 
massless modes, shifting the value of Ei. In particular, this term would produce, as 
in the A; -C 1 regime, a non-linearity of the Regge trajectory and a positive intercept, 
which are thus fairly general outcomes of the sigma-model calculations. We did not 
write this term explicitly since it is possible that we are neglecting similar terms while 
using the WKB approximation. 

5 Strings spinning in internal directions: Stringy hadrons 

In this section we concentrate on a class of string solutions related to sectors of the 
gauge theory which do not have a direct contact with pure YM. In fact what we are 
going to consider are string states with large spins along the transverse S'^ of our back- 
ground. These correspond to multi-charged gauge theory hadrons whose constituents 
are the adjoint massive fields [T^ IT^ 1^ IT^. 

The bosonic action ()2.1Up . with X* = const., i = 1, ...,3, reduces to a case widely 
studied in literature, which can be connected to the n = 4 Neumann integrable system, 
as already done in [20] following the general approach adopted for the search of string 
solutions on AdS^ x (see j^Z] and references therein). At the classical level, in 
fact, this is exactly analogous to the case considered in [2H1 123 I2Z1 and reviewed 
in [2E]- In the latter paper some solutions were studied, corresponding to circular 
and folded strings rotating on the internal 5''^ of the IR region of the (softly broken) 
Maldacena-Niinez (MN) background. These solitonic stringy states were interpreted 
as corresponding to multi-charged hadronic states in the dual gauge theory. We can 
readily adapt the results of |26| to the present discussion. 

First of all, it is useful to introduced the following parameterization of the C S^: 

= sin X cos 0_ , = sin x sin 0_ , 

Z^ = cos X cos 0+ , Z'^ = cos X sin 0+ , (5.1) 

in which the 5*^ metric becomes 

dnl = dtfj^ + cos^ ^p{dx^ + sin^ + cos^ xd(f)+) ■ (5.2) 

In the case of the folded strings, the solution reads {ip is always kept constant at zero 
value) 

92ia) = 92ia + 2n) , = kr , <p+ = ut , (p. = cut , (5.3) 
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where 62 = 2x- The Virasoro constraint imphes that 

e'i - 2{u^ - v") cos ^2 = 4A;2 - 2{u? + v") . (5.4) 
The conserved charges are 

E = 



J+ = -T I (i(T(l + cos6'2((t)) , 

J„ = ^ / rfor(l -cos ^2(^7)) , (5.5) 
4vr Jo 

from which it follows that 

E = -J^ + -J_ . (5.6) 

u to 

There are various special cases. For uj"^ = the solution describes circular strings and 



is given by = ±2(T-\/A;^ — cj^ + const. This is in general an extended solution, except 
for k"^ = iJ^ where it describes a point-like string. The periodicity condition implies 
the energy/charge relation E = a/ m^^^ + , where m is the number of windings and 
J = J+ + J_ is the sum of the two charges. 

In the general case u"^ 7^ u"^, we can obtain the energy/charge relation in the short 
and long string limits. For short strings 

which is the analogous of the BMN expansion. In the long string limit, the relation is 

E^J+^. (5.8) 
The homogeneous circular string solutions have instead the form 

+ iZ^ = a^e^"'i^+^™i'^ , Z^ + iZ^ = a2e''"^^+''^^'' , = kr , (5.9) 

with Wi, rrii, i = 1,2, satisfying the following relations 

wf = mf — A , a\ + a^ = 1 , 

k"^ = 2{a\w'l + a\wl) + k , a\wimi + a\w2m2 = ^ ■ (5.10) 

In the coordinates ()5.H) . the solutions ()5.9|) take the form 

X° = kr , sin X = ai , 0- = ujiT + miO' , 0+ = W2T + m2a . (5.11) 
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The charges are J_ = C.afwi , 7+ = C,a'2W2- In the large J hmit one observes that 



E = J 



All we have said up to now concerns the classical solutions. One can go further 
and try to calculate the leading one-loop sigma-model corrections to the relations 
above. This amounts to a calculation of the vacuum energy of the string theory ex- 
panded to the first non-trivial order around the classical solution. While for the folded 
strings there are some subtleties in the quantization procedure, due to the non-trivial 
world-sheet metric (see for example [SO]), for the circular solutions the calculation is 
straightforward. Since the coordinates 0_ and 0+ never appear in the components 
of the background fields, they enter the string action only through the pull-back of 
background fields. This means that, in the expansion of the string action around the 
solution (jS.llj) . all the coefficients are constants depending only from k,Wi and mj. 
The same holds for all the conserved charges. 

Even in the simple example of the circular solutions on the fixed-radius- S*^ in 
AdS^ X S^, the calculation of the vacuum energy is very difficult, and only its leading 
contribution can be computed explicitly, in the limit of very large k |HT| |32] • The same 
holds for the more involved MN solution j^E] , and we expect the very same behavior in 
our case. But, as far as the large k limit (for fixed rrii) is concerned, we can make the 
following observation. From ()5.10|) and ()5.11|) it follows that in this limit we can ne- 
glect at the leading order the contributions coming from the m^. As such, the one-loop 
expansion is equivalent, in the limit, to the expansion around a collapsed, point-like 
string rotating on with an angular velocity u = a/ afwf + a|w|. This in turn is the 
same as studying the exact (in a') string theory on the Penrose limit of the original 
background. Then, in the large k limit the leading one-loop quantum correction to the 
energy of the circular configurations is identical to that obtained in the Penrose limit, 
i.e. on the corresponding pp-wave. This has been explicitly verified in AdS^ x 5*^ |31j . 
where the vacuum energy is vanishing at this order because of the linearly realized 
supersymmetries in the Penrose limit, and for the MN solution in j2ni- We are then 
going to study the Penrose limit theory in detail in the following section. But let us 
just quote here for completeness the result for the energy-charge relation of the circular 
strings (we re-insert the dimensional factor and use ^ = A/3) 



E = rrioJ 



i^ml— + ml^J+...^ +moJ[— log- + ...J . (5.13) 



18 J2 



r45 , 3 
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The sigma- model result provides a strong A coupling renormalization of mo J. While 
being a sub leading term for large A, it forbids to extrapolate the classical result ()5.12|) 
to the small coupling regime as for the spinning strings in AdS^ x S^, and so to compare 
this result with a field theory calculation. We will comment further about this result 
and about the field theory duals to the spinning strings in section 16.31 

5.1 The plane wave theory 

The semiclassical quantization around the point-like string spinning at the speed of 
light around the large equator of the four-sphere is equivalent to the study of the string 
theory on the plane- wave background, obtained as a Penrose limit of the original metric 
()2.1|) . We present the Penrose limit in appendix |E| and just quote the result: 

3 

(is^ = —4:dx~^dx~ — ml[vl + vv + -uu]dx^dx~^ + dx'^dx^ + dudu + dvdv + dvl , 
3z 

6*0^4 = —rnodx^ A dvs A dv A dv . (5.14) 

The dilaton becomes a constant e*° ~ QsN'^^'^- In the plane wave metric above, the 
three coordinates come from the three flat special directions, the three v modes from 
the four-sphere (the fourth mode of the sphere combines with the time variable into the 
light-come coordinates x"*", x~), and the u modes from the radius and circle direction 
of the original background. The x*, v fields parameterize the so-called universal sector. 
The IIA Hamiltonian can be read as the one describing the non relativistic motion in 
fiat 3-d space (x*) of gauge theory hadrons made of adjoint massive constituents, along 
the lines of Pl]. The conserved light-cone Hamiltonian H and momentum P"*" read as 
usual 



Let us now study the light-cone gauge IIA GS string on the above background. 
There are three massless bosonic fields corresponding to the three spatial directions 
X*, i = 1,2,3. The remaining five massive fields have frequencies 



H = 



E — mo J 



2 A 



(5.15) 



v,v 
n 





(5.16) 



where m = rriQa'p^. 
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Concerning the fermionic fields, their equations of motion read 



{dr-d.)e' = -^e*F+,,,r^V , (5.17) 
from which we get that the fermionic fields are all massive, and all have frequency 



uji = ^n^ + ^m^ , / = 1,...,8. (5.18) 

The light-cone Hamiltonian can be obtained straightforwardly and can be expressed 
as a sum of a contribution from the momentum and the stringy excitations in the three 
flat dimensions and a contribution from the massive "zero" modes and excitations of 
the internal directions and the fermionic fields (see [Tij). 

Since the sum of the squares of the fermionic frequencies exactly matches with the 
analogous bosonic sum, our model is finite with nontrivial zero-point energy 



3n + SVn'^ + ra^ + 2^/72^ + — 8\ n'^ + —m? 

4 V 16 



(5.19) 



Following the general arguments in |22 | I ^ ITT)] we see that this is negative and increases 
in absolute value as m in the large m limit. The latter is also the large k limit of the 
circular string configuration, so it is interesting to exhibit its explicit leading order 
form 

E,{m)^ ^-^\og\. (5.20) 
In the small m limit, instead, we have 

^o(m) ^ - ^^~^^ mo . (5.21) 

We see that the energy/charge relation for the point-like strings in the large m regime 
reads^^ 

45 3 

E = mo J(l + — log - + ...) . (5.22) 

In section we will comment about the field theory duals of our plane- wave string 
states. 



"From <frT5|l and IjA.lTp it follows that m = 3 J/A. 
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6 Concluding remarks on the dual field theory 



Let us summarize the implications of our string theory considerations for the dual field 
theory. A very generic property of the the leading order one-loop corrections to the 
energies of the various configurations we have analyzed is that they are always negative. 
Their precise meaning can be sketched case by case. 

6.1 Wilson loop 

Let us first discuss the string configuration corresponding to the Wilson loop. Our main 
result is the fact that for a worldsheet supersymmetric strings on the confining Witten 
background, apart from the Liischer 1/L term, the leading order one- loop correction 
to the quark-antiquark potential, in the large L limit, gives a "renormalization" of the 
YM string tension^^. As Gross and Ooguri discussed in |31I, this fact is somewhat 
expected. The gauge theory under consideration has a UV cutoff given by uiq ~ l/_Re 
and the coupling qym should be considered as the bare coupling at scales of order rriQ. 
As we have recalled, the classical string tension in the strong 't Hooft coupling limit is 
given by 

TQCD = ^Xml for A = (^^^A^ > 1 . (6.1) 

To construct the pure QCD we should consider the limit of very large UV cutoff mo and 
the 't Hooft coupling constant should be given by the usual perturbative expression 

A = ^ ^ , (6.2) 

where h is given by the first coefficient of the beta function. Gross and Ooguri suggested 
that a reasonable behavior of the tension for small A should be 

Tqcd = ae'^ml = aAg^D fo^' A < 1 , (6.3) 

where a is some numerical constant. Then, there should be an interpolation function 
/(A) such that 

Tqcd = fiXWo , (6.4) 

^^Interestingly , this "renormalization" of the string tension (without Liischer term) takes place, at 
the classical level, in MQCD [M^ . 
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with the previous asymptotic behaviors ()6.H) and ()6.3p . In our calculation we have 
computed /(A) to the second order in the large A limit. 

The fact that in the large L limit we have a renormalization of the string tension 
besides a Liischer term depends crucially of three facts: 1) our string is super symmetric; 
2) we consider fluctuations around the Witten background dual to YM as opposed to 
fiat space; 3) we evaluate the one-loop correction to the energy {Ei) without separately 
regularizing the bosonic and fermionic contributions, but simply by calculating the 
whole fermion + boson contribution |22j . 

Interesting, ignoring any one of these three conditions results in the absence of 
this correction to the tension. For example, if we reject 3) but not 1) and 2) and 
evaluate the Ei with the A renormalizations (i.e. the (^-renormalization generalized to 
allow for world-sheet masses), we find that in the large L limit the only non vanishing 
contribution comes from the six massless bosonic fields, i.e. we are left with only the 
standard Liischer term. If we reject point 1) and consider only the bosonic contributions 
we are forced to renormalize and again only the Liischer term is present. 

One way to interpret our result is that it yields falsifiable predictions for the holo- 
graphic approach to nonsupersymmetric gauge theories. In particular, there is a clear 
distinction about the nature of the "YM string". If the YM string is an intrinsically 
bosonic object, then we expect only a Liischer term correction. On the other hand, if 
the string is intrinsically fermionic^^ then the most likely scenario for the leading order 
correction is a renormalization of the string tension. Future studies of the qq potential 
should settle this question. 

6.2 Regge trajectory 

One of the most distinctive features of the strong interactions is Regge theory which 

encompasses the particle spectrum, the forces between particles and the high energy 

behavior of scattering amplitudes. Regge trajectories are one of the most ubiquitous 

properties shared by most strongly interacting states. 

The UA8 collaboration ^2] has presented a description of the nonlinearities of the 

Regge trajectory corresponding to the soft Pomeron. Based on its quantum numbers, 

this trajectory is believed to be composed of glueball states, although no direct evidence 

^•^It has been suggested that the string dual to YM theory has to include worldsheet supersymmetry 
in order to get rid of the open string tachyon |35|. 
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is available. The best experimental fit is of the form: 

J = a{t) = 1.10 + 0.25t + a" f, (6.5) 

where a" = 0.079 ± 0.012GeV~'^ and t is the mass squared of the particles. 

The non-linearity and the positive intercept that we find as the result of one-loop 
corrections in the framework of IIA string theory are two important qualitative proper- 
ties shared with this trajectory. It is worth remarking that this behavior is exhibited by 
the loop-corrected trajectories of supersymmetric supergravity backgrounds discussed 
in j3] in the framework of IIB string theory. The constancy of this result encourages us 
to think that this is indeed a very universal property of confining theories admitting a 
holographic description in IIA, IIB, supersymmetric or nonsupersymmetric cases. 

The string theory non-linearity is in a term proportional to \/i instead of t"^. This 
different behavior could be due to the different limits of the A coupling and spin J 
regimes where the two results are relevant. There are successful phenomenological 
models [221 interpolating between a squared root and quadratic behavior in t. It is also 
possible that the non-linearity could be due to mixing with fundamental matter and 
decay effects present in the finite theory and should disappear in the planar limit. 
Having its origin in the massive modes of the worldsheet fluctuations, we expect the 

non-linearity to be due to mixing with the adjoint matter always present in the 
supergravity regime. These massive terms are intrinsically quantum mechanical and 
vanish in the string classical result giving the linear trajectory. 

Our evaluation of this non-linear effect is valid for large J and much more larger 
A. Then, it is hard to believe that the details of this result can be extrapolated to 
the decoupled, pure YM regime A <^ 1. On the other hand in section 031 we have 
considered also the limit J ^ A, which seems to be more reliable for a comparison 
with the decoupled theory, and in this case we have obtained that the leading quantum 
corrections give a renormalization of the effective string tension completely consistent 
with the result obtained from the Wilson loop analysis. We would like to stress that, 
in this regime, subleading corrections to the result we found could produce again non- 
linearities in the trajectory, including ones. It would be very interesting to calculate 
these corrections, in order to see if this picture is actually realized. 

Another qualitative agreement with the experimental data comes from the com- 
parison with the slopes of the Regge trajectories for mesons and for the soft Pomeron. 
The phenomenological data indicate that the former is approximately 3.6 times bigger 
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than the latter. The classical string computation gives instead only a factor of 2, to 
be traced back to the difference between open and closed strings, consistently with 
the infinite limit of the Casimir ratio in formula ()4.4j) . According to the latter, the 
inclusion in the string calculation of finite contributions should produce for A^ = 3 
just a little improvement to a factor of 2.25. But the first a' stringy quantum correc- 
tion seems to point in the right direction to solve the discrepancy. In fact, comparing 
the renormalized fundamental and adjoint string tensions Tq^^ from ()3.16|) and T^^j"^^ 
from ()4.4()|1 . we read 



The plus sign in the correction suggests that reducing the value of the coupling toward 
the realistic regime the ratio of the tensions correctly increases. Thus, even if the very 
large J and A regime where our computation is reliable is not the phenomenological one, 
we take formula ()fi.fi|) as an indication that the inclusion of higher stringy corrections 
points toward a better agreement of the string models with the real world^^. As a final 
caveat, we should stress that in ()6.6p we used the mesonic string tension calculated via 
the Wilson loop. It would be very interesting to check if this value, as expected, is 
exactly the same one that appears in the open string calculation of the mesonic Regge 
trajectories. 

6.3 Stringy hadrons 

In this section we comment on the field theory states dual to the rotating strings of 
sections El The general matching between (some of) the string massless excitations 
and the field theory operators, first analyzed in [T3j , is discussed in jlH] . Let us review 
the basic features. 

The field theory object dual to our string ground state must be made out of some 

massive fields charged under the global 5*0(5) flavor group. As such, the gauge degrees 

of freedom are ruled out. The natural building blocks for describing the field theory 

states are the five adjoint scalars i = 1, 5, living on the D4 world-volume before 

wrapping the supersymmetry breaking cycle. After wrapping, they get (the same, since 

-"^■^Note that in this argument we used the fc <C 1 (i.e. J ^ A) result. In the opposite hmit of fc ^ 1 
we find no A correction to the ratio of the tensions. This suggests that for generic values of k the 
correction should be present, although with a smaller magnitude with respect to the one in 1)6.6(1 . The 
main result is thus the same. 




(6.6) 
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so (5) is preserved) mass due to loop corrections. The string prediction is that this 
mass, in the strong couphng regime and in the hadron bound state, gets renormahzed 
to rriQ. The scalars transform in the vector representation of 5*0(5), so, with respect 
to the two f/(l)'s subgroups, corresponding to the J+ and J_ charges of the spinning 
strings (in sections 15.11 7+ was called simply J), we can arrange a complex linear 
combination, call it Z, with charges (1,0) respectively, a second complex combination 
W with charges (0,1), and we are left with an uncharged field $. 

From these data we can immediately conclude that the ground state of the string 
on the plane- wave of section 15.11 is dual to a hadron created by acting on the field 
theory vacuum as Tr[Z'^+]\0)FT- More precisely, in the absence of state/operator cor- 
respondence we can simply identify the hadron as the lowest energy state created by 
the action of the given operator on the gauge theory vacuum. The latter has in fact 
the right quantum numbers: its mass is J+ times mo and its charge is precisely J+, so, 
according to the energy formula ()5.15p . its dual string state has light-cone Hamiltonian 
H = E — mo J+ = and is, therefore, the perfect candidate for the string ground state 

Let us propose an identification of some of the string theory zero modes with gauge 
theory states. If we look at the modes coming from the S*^ of the original Witten 
background, we see that the v, v coordinates of the plane-wave ()5.14j) are the ones 
charged under J_, while is not charged under it, but the three of them are not 
charged under J+. Their zero modes have mass mo, so their action on the string 
theoretic ground state gives a state with energy H = mo. In field theory we can easily 
identify them with the fields W, W and respectively: all of them have mass mo and 
zero J+ charge, so their insertion in the hadron Tr [Z-^+J |0) ft gives a total contribution 
to the Hamiltonian as if = mo( J+ + 1) — mo J+ = mo. 

It was also argued in that the three massless string modes Xi should describe 
the non relativistic motion (and excitations) of the hadron in the three special direction 
in field theory. We refer the interested reader to that paper for a discussion of this 
point. For what concerns the u, u modes in (|5.14p . their identification has always been 
very difficult [U 113 IHl UH] , and we do not have any definite proposal. 

Let us come to the multi-charged string solitons of sectional The ingredients in field 
theory are the same as before, the only difference is that the string ground state should 
be identified with a hadron carrying two very large charges J+, J__. Unfortunately, this 
is the only identification we will make given the absence of the spectrum of excitation. 
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Identifying the ground state is an easy task since a state created by 7+ fields Z and 
J_ fields W , such as Tr\Z'^^W'^-\\^)FT will contain all the needed quantum numbers. 
There is, however, an ambiguity in the ordering structure that should account for the 
mi, m2 integers in formula ()5.13j) . 

Next, we discuss the problem of the sigma-model corrections. Up to now, we have 
ignored them, pretending the ground state energy of our strings to be the classical 
value E = mo J. How do we interpret the corrections in ()5.22|) and ()5.13|1 ? A natural 
suggestion is a renormalization of the mass of the constituents. Basically one can think 
of it as a strong coupling renormalization, that is, the value mg is the "bare" one in the 
strict A = oo limit, while for finite (but large) A this is corrected as in ()5.22|) . ()5.13|) . 
Coincidentally, we learn from section El that the string tension is renormalized for finite 
A. These are the same kind of corrections that are detected in the hadronic bound 
states. The ratio between the renormalized scalar masses m(A) and the renormalized 
string tension is 



with c > 0. Then the quantum correction increases the attitude of these fields to 
decouple as we lower A. Nevertheless, the dimensionless scalar masses m(A) = m(A)/mo 
decrease with A, consistently with the fact that the expected one- loop mass square at 
weak coupling ml^^i^^^ ~ Amp is much smaller than mg. 

In summary, we can adapt to our case all the solitonic solutions already discussed 
in the case of AdS^ x (e.g. see the review article j2Z|) which correspond to strings 
at rest in AdS^ and spinning on a 5*^ C S*^. In particular, we have considered the ex- 
plicit case of multi-spinning folded and circular strings which are particular examples 
of the solutions called "regular" in [2Zj- These solutions admit a regular expansion 
in the 't Hooft coupling of the dual J\f = 4 SYM theory and it is believed that their 
quantum corrections to the classical energy are subleading in the infinite J limit. In 
confining backgrounds we have that one-loop corrections are not in general subleading 
but our results suggest that at one-loop the general energy-spin relation for these "reg- 
ular" solutions (including the string excitations on the pp-wave) admit an expansion 
in A/ J ^ 1 of the form 




(6.7) 
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where Oi, 02, . . . are given by the classical energy-spin relation while the one-loop quan- 
tum effects can be reabsorbed in a redefinition of the mass of the single hadron con- 
stituent m(A). Let us observe that, differently from what happens in AdS^ x 5*^, in 
our case the "regular" solutions admit an expansion in even powers of A/ J (up to 
a nontrivial dependence of m(A)). It would be interesting to understand better this 
structure from the dual gauge theory point of view and if it is preserved by world-sheet 
higher order corrections. 

Lastly, we recall that in it was speculated that, while the sigma- model correction 
could be connected with the renormalization of the mass mo of the single constituents 
(but also accounting for the mean field of the other constituents), the classical string 
dependence in ()5.13p could be related to the correction in the binding energy in the 
chain of constituents of the hadron, due to some mixing between hadrons with different 
internal structure. This would explain why in the hadron built up by only one type of 
scalar, and so with only one possible structure, those corrections are not present. 

6.4 Universality of the results 

Let us make some simple observations about the generality of the results presented in 
this paper. The universality of the properties of the hadrons studied in sections IH| l(i.3| 
first advocated in ^1], was extensively discussed in ^^1? and we refer the interested 
reader to those papers. We concentrate instead in the results for the Wilson loop 
and the Regge trajectory. Apart from numerical coefficients, these calculations are 
completely determined by the confining nature (and smoothness) of the background. 
Namely, the spectrum of string fluctuations is dictated by the fact that the metric in 
the IR is of the type i?^'^ x 5*^ x R^^'p^'^, with a non- vanishing qqq component. Crucially, 
all the known confining backgrounds are of this form in the IR. The actual value of qqq 
(up to quadratic order in the radius) and the values of p, q only affect the final results 
via the numerical coefficients in formulae like ()3.16p . ()4.40|) . As such, those formulae 
are expected to be the same, modulo the coefficients, in all the confining duals. We 
then state that the energy of the rectangular Wilson loop and of the Regge trajectory 
for glueballs, up to the first sigma-model correction, are given by the universal formulae 




(6.9) 




(6.10) 



34 



with coefficients Wi, W2 (both positive), ri, tq and bare value of Tqcd (and so a'adj) 
depending on the specific background. The first formula is reliable, to this order, up 
to exponentially suppressed (in L) terms, while the second one includes only the first 
order terms in a series expansion. 

The Wilson loop gives a renormalization of the string tension and a Liischer term. 
The non-linear glueball Regge trajectory generically has a renormalization of the string 
tension and positive intercept. The relations ()6.9p6.10|) can be thought of as the strong 
coupling expansions for the physical quantities Ewuson, Enegge- 
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A Review of Witten's model 

Let us briefiy review the model proposed in ^ as a possible IIA string dual of large 
N Yang-Mills theory in four dimensions. The background is generated by D4- 
branes wrapped on a circle where antiperiodic boundary conditions for the fermions 
are assumed. This breaks supersymmetry explicitly and the low energy gauge theory 
on the D4 worldvolume turns out to contain a nonsupersymmetric YM theory in 4- 
d. As usual, in the supergravity approximation we cannot really decouple the pure 
gauge theory from the other modes, so in this limit only a confining theory sitting, 
presumably, in the same universality class as pure YM can be really examined. 

It is useful to present the 11-d origin of the solution since this will help us understand 
it in a wider range of parameters. The starting point is the (rescaled, large mass) 
Schwarzschild-AfiS'y x solution 

ds\i = h{p)dT'^ + h~^{p)dp'^ + dxidxi + —dVL\ , 

1=1 

^^P^ = i^^-^i^^ 6 = 2a'^/^(7rA^)V3, (A.l) 
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where N » 1 is the number of M5 branes, wrapped along the circle parameterized 
by T, generating the solution. The background also includes a four-form field strength 
which we will write in the following. The coordinate r has periodicity St — 27r6/3: this 
ensures regularity in the p b limit. It is possible to use a normal angular variable 
6 of period 27r instead of r, by changing coordinates as r = {b/3)9. The fcrmionic 
boundary conditions in going around the 6 circle arc taken to be antiperiodic, this 
ensures a breaking of supersymmetry on the worldvolume. The coordinates p and r 
have dimension of a length, while the Xi are dimensionless. 

Now let us wrap the branes on a second cycle orthogonal to the first one and pa- 
rameterized by the angular variable f3 = 3Nx^/X, where A measures the ratio between 
the radii of the 9 and (3 cycles at infinity 

Prom the worldvolume point of view the wrapping procedure can be understood as 
follows. One starts with N M5-branes, whose near horizon geometry is AdS'y x and 
whose worldvolume field theory is a six dimensional conformal gauge theory with (0, 2) 
supersymmetry. Wrapping the branes along the P cycle of radius i^^j without breaking 
supersymmetry, one gets a 5-d SU{N) gauge theory with coupling gf ~ Rp at low 
energy. Then a second compactification is taken, along the 9 circle. The low energy 
worldvolume theory will then appear four dimensional and its gauge coupling will go as 
9ym ~ Rp/Re- If one takes, on the direct product of the two circles, a supersymmetry- 
preserving spin structure, the four dimensional theory will be jV' = 4 SU{N) SYM. 
Otherwise, after imposing antiperiodic boundary conditions to the fermions along the 
9 circle, the low energy theory becomes the pure non supersymmetric SU{N) YM. 
In fact, the fermionic degrees of freedom get immediately a mass proportional to the 
inverse radius, while the would be massless scalars obtain mass at one-loop level. The 
usual limits N ^ 1, qym — > 0, A = 9ym^ — fixed, are taken. 

After the whole wrapping is performed, the eleven dimensional metric reads 

= e-^^'/'dslo + iy/'dp^ (A.3) 

where Ig is the string length = a' and the ten dimensional metric can be read as the 
one generated by D4-branes in type IIA wrapping the 9 circle. From the previous 
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expression, the ten dimensional string frame metric and dilaton read 



, 2 _ 

^2*/3 „ V 



^(1 - + ^(1 - ^)-Mp2 + p'Y^ dXrdx, + 



1=1 



The parameter Qg is the string couphng in the "unwrapped" D4 metric at infinity. In 
order to rewrite the whole background in a more compact form let us define 

^ b , .1 ,i u p^}? ,. ^. 

ii=-=(.iVs,),„'., 5 = 5^, «. = Y8^. (A.5) 

The ten-dimensional string frame metric and dilaton are thus given by 
K \)Uo u j[u) 

m = 1-4, 

^ ^ 9s^, (A.6) 

where u has dimensions of length and ranges in [tio, oo), and we shifted to a Minkowski 
4-d metric. 

The background also includes a constant four-form field strength 

F4 = 3i?V , (A.7) 
where uj^^ is the volume form of the transverse 

/ ^4 = ^ , (A.8) 

JS* <3 

and the normalization of F4 guarantees that the quantization condition 

/ F^^Sn^a'^^'^QsN (A.9) 

is satisfied. 



A.l Gauge theory pcirameters 

The relation between the u variable and the field theory energy scale is not known 
explicitly for the background above. Let us only suggest that the limit u ^ uq can 
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be interpreted as an IR limit in the dual field theory. It is in this regime in fact that 
confinement was deduced in the string context (through the Wilson loop analysis). 
Also notice that in this limit the goo component of the metric goes to a constant, a 
necessary condition for confinement being realized in the dual field theory |SZj. 

Let us underline that it is natural to believe that the UV limit in the dual gauge 
theory is conversely reached when u ^ oo. It is clear that one of the most difficult 
problems in the context of the gauge/gravity correspondence is to find a supergravity 
description of the weakly coupled regime of gauge theories. In particular, asymptotic 
freedom in supergravity seems to be beyond our current reach. There is however, an 
effective vanishing of the coupling in some supergravity backgrounds. For example, in 
the case of the Maldacena Niinez [23] model (dual to A/" = 1 4-d SYM plus KK matter), 
the SYM coupling has been identified using the DBI action of wrapped D5-branes 
PHj . Interestingly, using a possible radius/energy relation deduced via identification 
of the dual of the gluino condensate, it can be shown that the SYM coupling behaves 
as a logarithmic function of the energy scale which is the expected UV behavior. A 
logarithmic behavior of the UV beta functions was found also in the Klebanov-Strassler 
background with fractional branes |24i| . 

This unexpected behavior does not occur in the Witten model. From the DBI action 
for D4-branes wrapped around the circle parameterized by 6 in our background ()A.6|1 
one obtains 

= 7^ / dOe'^V^e = (-) ' , (A.IO) 

QymW (27r)2/, y " Srrlsgs \uo J V 

which gives, in the large u limit, the "geometrical" constant value^^ 

1 

2 3nlsgsy/u^ o ^ f 9sUo\^ ^^^^^ 

9yM = ^^ = ^V^[jj^) ■ (A.ll) 

So, the would-be 4-d YM coupling^^ gYuiu) increases while going toward the IR, as 
expected. However, in the UV limit it does not go to zero. 

The D4-brane map is fairly intricate given that the theory is not conformal |39||. It 
makes sense for us to revise it in the presence of a thermal circle. The supergravity 
regime of validity for this system spans IIA and M-theory for appropriate values of the 

^^This is obtained using Qym — '^'^Isds/Re and the relations Rg — = nl^gsN. 

^^We denote as and A the UV couplings, leaving the u dependence in gyM^'^) to indicate the 
running coupling. 
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energies. Let us investigate this topic in more details. As explained in [29], a stack 
of D4-branes in the Maldacena limit is better described by starting with a stack of 
M5-branes wrapped on the eleventh dimensional circle. The worldvolume theory is a 
(0, 2) six dimensional conformal field theory on the M-theory circle. 

It is interesting that by looking at the dilaton alone we have a hierarchy of scales 
precisely as for the nonthermalized D4 of Recall that the decoupling limit in this 
case takes the form 

— = fixed , gl = {2'nfgsVa' = fixed , a' ^ . (A. 12) 

a' 

In these quantities the dilaton takes the form 

For N^/^ <^ g^u/a' the appropriate description is in terms of 11-d supergravity given 
that in this regime the dilaton is large. The decoupling limit for the 11-d theory takes 
the form 

Rp = gsV^ = gl/{27if = Rxed. (A.14) 

To completely determine the regime of validity of IIA we need two conditions: small 
dilaton and small curvatures in string units. The Ricci scalar for the 10-d background 
takes the form 

^ = -7p7^(5-|)- (A.15) 

As expected for D4-branes we obtain that [SH! N^'^ <^ g^u/a' N^^^. Note that since 
u > uq, the curvature is always smaller than that of a stack of D4 branes. 

We are interested in the regime of validity of the solution in terms of 4-d parameters. 
For this purpose, note that the curvature has its maximum for u uq, where it is of 
order 

Then the large 't Hooft coupling regime A = gyM-^ ^ 1 is required in order to use 
the supergravity approximation. For what concerns the dilaton, imposing e* -C 1 
fixes for u a maximal critical value Ucrit = ^IV^qN^ /R^gyM- Then, uq <^ Ucnt means 
iV2/3 > A > 1 and then gl^,^,^ < N""/^. 



39 



Finally, the relevant string parameters can be expressed in terms of the gauge 
parameters in the following way 



R^ = '1m^, ,. = -^, Uo = U,,Nmoll. (A.17) 

B Comment on the solutions at constant radius 

In this appendix we make some observations on the classical solutions at constant 
value of the radius. Due to the non trivial dependence of the metric on the radial 
coordinate u, any string with nontrivial dynamics along the radial direction (i.e. with 
a non constant u{T,a)) has got complicate equations of motions. In appendix IHl we 
consider in detail the simplest and most important example of this kind of non trivial 
configuration: the Wilson loop (for other examples of classical string configurations 
with a non constant u{T,a), see jT7] and [TU]). 

In this paper we consider string configurations extending and/or spinning in the 
four fiat directions or in the internal four-sphere and satisfying the static gauge t = kr. 
Let us assume that a general string with this shape lies at a constant u ^ uq. We 
will use the metric in the form given in ()A.6|) . Since we are looking for solutions with 
constant 9 too, from the Polyakov action in conformal gauge we obtain the following 
equation of motion for u 

il I 2^ ft 2^ A 

^d-x^d^x, + ^G'jj{x)dPx'd.x' = , (B.l) 

where ^ind G^* are respectively the (arbitrary) coordinates and the metric for the 
four sphere. This equation of motion must be supplemented with the conformal con- 
straint 

3 

^{d^x'^drx, + d^x^d^x^) + Rlu-^Gfj{x)idrX'drx' + d^x'daX') = . (B.2) 

From this equality we can extract (drt)"^ in terms of the other coordinates and substi- 
tuting the result into the equation of motion we arrive at the condition 

d^x'-d^x'' + —Gl{x){drx'drx' + 'id^x'd.X') = . (B.3) 

This implies that, at constant non- minimal radius u ^ uq, we can have only solutions 
with the only non constant coordinates x"" = x"(r), whose dependence can be solved 
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using the equation of motion for x° and correspond to a collapsed string traveling with 
the speed of light, i.e. 

x" = xl + n^T with n^n" = /c^ . (B.4) 

More general solutions describing strings entirely lying at the minimal radius u = Uq 
are instead allowed. This is easily understood by looking at the metric in the form 
()2.5j) . since for r = (and so m = uq) the equation of motion for r is trivially satisfied. 



C Wilson loop: straight string at non minimal radius 

Let us consider the more general open string configuration giving the actual Wilson 
loop. This corresponds to the minimal area configuration spanned by an open string 
having boundaries at infinite radius and penetrating for some distance in the bulk, 
without reaching the horizon at m = uq, as we will see in a moment. In order to keep a 
clear interpretation in terms of our parameters, we will use the original coordinates in 
1)2.11) . Keeping the "straight" shape in t, x^, consider the general radial dependence 

t = T , = a , u = u{x^) . (C.l) 

It is easy to see that this gives a solution of the equations of motions and that the 
action reduces to Ell 




The equation for x^ gives the relation 



const. , (C.3) 



from which it follows that 



' ^^''"^ (C.4) 

Jum V [U^ - UI){U'^ - Ul^) 

where we used the fact that the minimum of the radius, Um-, is reached, by symmetry, at 
x^ = 0, and that the extremum of x^ is precisely the string length L. The relation ()C.4)) 
gives us L in terms of an Appell function of uq, Um evaluated at the extrema. One can 
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see that the hmit for ti ^ cx) is finite, while the hmit for u Um is an hypergeometric 
function of Uq, Mm- We are interested in a semiclassical regime described by large L. 

As a first approximation, we can observe the following. It was shown in ^Oj that in 
the large L limit, the classical configuration of the Wilson loop tends to have a bathtub 
shape, with the string coming down from infinity practically straight up to then 
becoming suddenly (but smoothly) fiat along a special direction (x^ in ddH)) and then 
returning back to infinity with another straight line. This string spans the loop traveling 
for a time t. The important point is that the deviation of this smooth configuration 
from the rectangular well is exponentially vanishing with L. Moreover, the lines coming 
down from infinity give the infinite quark masses which require renormalization. This 
makes the following straight line approximation of the above solution 

t = r, = cr , o-e[-^,^], M = Mm, (C.5) 

an accurate one. Moreover, in the regime L —>■ (yo, one has that Um — > Uq, as can be 
verified from (jC.4j) . where the extremum at u = oo can be ignored. More precisely, 
(l(y.4jl gives (see |B7j for the analytic derivation) 

log . (C.6) 



3uJ^ ~ ^0 

For these reasons, the QCD string tension can be simply inferred by considering the 
string sitting at uq and it is classically given by ()3.2|) . 

Analogously, it could be concluded that in this regime it is a good approximation 
to go to the M = mq configuration also for the quantization procedure. Let us see why 
this is the case. 

Since for large L most of the string is almost straight and reaches its minimum Um 
at its middle point, we can solve the equation of motion for u in the approximation 
y = [u — Um)/uQ <^ 1 and = Um/uQ — 1^1. Up to sub leading terms in y oi am, 
this reads 

2/'^3(^)Vl/(z/ + a™), (C.7) 
which can be easily integrated. The result in term of u is the following 

U-Um ^ i(M„ - Mo) jcosh [3 (^^y (a - (To)] - l| = 

'^°^M3fe)'(^-M-lle--(^)^ , (C.8) 
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where (Jq is the middle point of the string, i.e. u{(7q) = u^- As one can immediately 
see, u Um as L — > oo. We can now check to what extent we can use the above 
solution. If we take the general constraint cr — ctq < aL/2 with a < 1, we obtain the 
following upper bound 

y la'-- . (C.9) 

Then, in the large L limit, we can use the above approximation for any a < 1. In 
particular, the approximation is still valid if 

1-q;~ (loga^)-'^ , 0</?<l, (C.IO) 

and, at the leading order in the large L limit, the above approximation can be extended 
to the whole string. 

We can now turn to the study of the quadratic fluctuations. The only nontrivial 
terms are those for 9 and u, while all the other modes are massless in the above 
approximation. Then, we can focus on the following terms^^ of the metric 

ds 



which are clearly degenerate in the large L limit. Adding a bar to denote the above 
classical solution as u{a)^ the general dynamical field u can be expanded around u. By 
rescaling the fluctuating fields in the following way 



1 



the quadratic Lagrangian for ( and x is given by 



^ d^xd''x + daCd''C+ \' di{u-^f{u)\u=ux'+ (C.13) 

2u2f{u) 



\2u^f{u) 4:{u^f{u)y J 

The first term is subleading in the large L hmit and then the mass for % and ( is 
the following 

u" 3 (m')^ 3 2 



^^There is also another mass term for u, but it is exponentially vanishing with L. 
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Qum { 2 cosh [3 - ^o)] sinh^ [3 - ^^o 



I cosh [3 {^fW - ^0)] - 1 { cosh [3 (^)M^ - ^0)] - 1}' 

- ^ ■ (^-^^^ 

To summarize, at the leading order the string can be considered as an almost straight 
string lying at Um for almost all its length and with two massive modes with constant, 
(j-independent mass M^^^. The corresponding frequencies reduce to the ones found in 
section (see eq. ()3.6p ) in the large L {um — > ^0) limit. 



D Regge trajectory: anomaly cancellation 

In this appendix we show why the quantized configuration of section 0] is free of 
conformal anomalies. Let us start by observing how the a dependent mass term in 
the bosonic action ()4.6|) can be reabsorbed as a curvature effect for 2-d scalar fields 
with constant mass on a curved world-sheet with metric given by the induced metric 
hap = k"^ cos^ a Tjap. Indeed, ()4.(jj) can be rewritten as 

S = -^ j drdaV^ Yl [^"^(Va2/aV^2/a) + %a)'] , (D.l) 

^ a=l,2 

where we have introduced the 2-d world-sheet covariant derivative Vq to put the action 
in an explicitly covariant form. Then the equations of motion become 

[/^"^V„V^ - ^]ya = . (D.2) 

The two descriptions with fiat and curved world-sheet in ()4.6p and ()D.1|) . which are 
related by a classical Weyl transformation, can be really considered equivalent only 
if the conformal anomaly vanishes, a necessary condition for the consistency of the 
theory which is also related to the finiteness of the theory (and as a consequence, of 
the one-loop correction to the energy). 

In the same way, let us write the fermionic action (|4.17|) as an action for fermions 
on a curved world-sheet with metric equal to the induced metric ha/B- If we organize 
the spinors 0^ in eight 2-d Majorana spinors ip"^ = ipi, the action ()4.17p can be written 
as 

= ^ j dTda^[h'^f'^'r^Dfij,-^-^'^,,,lj^] , (D.3) 



44 



where Tq, are the curved 2-d gamma matrices and Da is the 2-d spinorial covariant 
derivative. Then the equations of motion become 

These equations can be squared into the equations 



h'^^TaDf^' - -fji/j^ = . (D.4) 



where V^, is the complete covariant derivative, containing both the spin connection 
and the Christoffel symbols, and TZ^"^^ is the 2-d scalar curvature and is equal to 

n^'^= \ (l + tanV) . (D.6) 
fc^ cos"^ a 

As we will see in a moment, this action has the right form in order to combine well 
with the bosonic and ghost contributions, giving a finite (at least at one-loop) theory 
with vanishing conformal anomaly. 

In fact, following the analysis of and starting from the actions with the curved 
induced metric above, it is possible to extract the one-loop contribution to the partition 
function computing the determinants of the second order operators which enter the 
bosonic and fermionic equations of motions ()D.2|) and ()D.5|) . supplemented by the ghost 
contribution. Working in the Euclidean formulation and regularizing the determinants 
with an UV cutoff, it is possible to show in general how these determinants have 
quadratically, linearly and logarithmically divergent terms. The quadratic and linear 
divergences trivially drop out in our case due to the matching between the bosonic 
and fermionic degrees of freedom. The logarithmic term is more delicate and can be 
expressed in term of the integral of the following Seeley coefficients for bosons, fermions 
and ghosts 

6 

B F 

h2gH = -2x'^ -7^(2) . (D.7) 

Since in our case we have only two massive bosons with equal masses m\ = |mo and 
eight massive fermions with equal masses m'jp = j^rriQ (reintroducing the mo depen- 
dence), we have that the mass matching condition 



b2B = 10 X — , 62F = 8 X — h ^ m|, , 



J]m| = ^m|, (D.8) 



B F 
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implies that the resulting total divergence coefficient is then the integral of 

6f *) = 37e(2) , (D.9) 



which is proportional to the Euler character. As explained in this term is exactly 
canceled by the cutoff dependent factors in the conformal Killing vector and/or Te- 
ichmiiller measure. Then the theory is finite and since the above Seeley coefficients 
are exactly the same ones appearing in the Weyl anomaly, the theory is also anomaly 
free at one-loop. This is indeed what we have verified explicitly in the other compu- 
tations of the one-loop energy considered in this paper where the world-sheet induced 
metric is constant and the finiteness of the one-loop correction is due to the same mass 
matching condition ()D.8jl . The same happens for the Regge trajectories. Going to the 
fiat world-sheet metric gauge, we obtain an analogous (cr-dependent) mass matching 
condition 

B F 

which again checks the UV finiteness of the 2-d theory, as for example happens for the 
folded strings considered in [HII] . 



E Penrose limit 

We perform here the Penrose limit of the Witten background along the great circle 
of the four-sphere. Since we are interested in the IR regime, we will use the metric 
expanded around u = uq ()2.5|1 

ds' ^ i^mi + ^]iv,.dx'^dxn + U'^'^oidr' + r'de') + i^^/^^f [1 + ^-^]dnl , 

rC Z o Z 

(E.l) 

We will also use the fact that inu = uq the dilaton goes to a constant QsU^J^ / E?/'^. 

Using the parameterization x, introduced in (jS.lj) for the S"^, the null 
geodesic we want to zoom in is determined by the following conditions on the coordi- 
nates 

t = 0+, x^ = r = V = X = 0. (E.2) 

As usual we ffist shift the 3 + 1 coordinates {R'^/^L/uJ^)x^' and send L 

Clearly this L has nothing to do with the string length in section |3| 
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while keeping 

^'"7^ fi-^d. (E.3) 
This would ensure that, in the limit, we are keeping fixed the matter field and glueball 
masses, while taking the string tensions, proportional to a'L, very large. Notice that 
^ ^/N. Also, recall from ()A.5|) that Uq = 6^A^/(18A^^/^), so that taking A very- 
large, namely of order A^, we get uq ^ N and A^ in the limit. The dilaton in the 
IR goes like e*" ~ QsN^^'^ . To be consistent with the notations in the rest of the paper, 
we can choose = Mq^^/_R^/^ ^ so that indeed ttiq = u^/ R^. 

In order to perform the Penrose limit we re-shift / L and take 

, mo mo v^mo 

^ = -^^^3 , X = -j^y ' = 2L ^ ■ ^ ' 

Expanding the whole metric near the above defined null geodesic gives 

+dy^ + y^d4>l - + vl + ^p']d(Pl + dv^dv^i . (E.5) 
Now, let us introduce the complex variables 

u = pe'^ , V = ye''''- , (E.6) 

and the light-cone coordinates 

t = x+, x- = ^{t-^). (E.7) 
/ mo 

This way we get the plane-wave metric 

3 

ds^ = —Adx^dx" — m^yvl + vv + —uu]dx~^dx^ + dx'dx' + dudu + dvdv + dv\ . (E.8) 

Written explicitly in terms of the angular variables introduced above the four-form 
RR field strength is 

Fi = 3R^ cos^ ^p sin x cos xdip A dx A d(j)_ A d(f)+ . (E.9) 

After taking the Penrose limit we get 

3i 



2ur 



R^/^mo dx^ A dv3 A dv A dv . (E.IO) 
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Notice that this object still scales in the limit: in fact R'^^'^/uq ^ N In the very 
same way as in the D2 and fractional D2 case of the correct non scaling object is 

3i 

e*°F4 = —irtQdx^ A (if 3 A dv A dv . (E.ll) 

It is now easy to check that the only non-trivial equation of motion for the whole 
pp-wave background at hand 

R++ = ^e^^'F+abcF+abc (E.12) 

is satisfied. 
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